66                                     LECTURE VIII.
if we adjoin the secondary numbers, but are decomposable as
follows:
*»!=«.£,   013 = 7-8,
*! =B a. y,    «j, = 0 • 8,
a> & 7> S being primes in the enlarged system. In investigating the laws of division it is therefore not convenient to consider the principal system by itself; it is best to introduce the secondary systems. Kummer, in studying these questions, had originally at his disposal only the principal system; and noticing the imperfection of the resulting laws of division, he introduced by definition his ideal numbers so as to re-establish the ordinary laws of division. These ideal numbers of Kummer are thus seen to be nothing but abstract representatives of our secondary numbers. The whole difficulty encountered by every one when first attacking the study of Kummer's ideal numbers is therefore merely a result of his mode of presentation. By introducing from the beginning the secondary numbers by the side of the principal numbers, no difficulty arises at all.
It is true that we have here spoken only of complex numbers containing square roots, while the researches of Kummer himself and of his followers, Kronecker and Dedekind, embrace all possible algebraic numbers. But our methods are of universal application; it is only necessary to construct lattices in spaces of higher dimensions. It would carry us too far to enter into details.p to consider the proof which is directly contained in the ordinary theory of binary quadratic forms. But if we proceed to the consideration of the system of principal numbers alone, the matter is different. There are cases when a principal number can be decomposed in more than one way into prime factors, i.e. principal numbers not decomposable into principal factors. Thus it may happen that we have m^n^ — n^; mv m^ nv «2 being principal primes. The reason is, that these principal numbers are no longer primes diminish the number of circle-squarers, however; for this class of people has always shown an absolute distrust of mathematicians and a
